We analyze critical phenomena on networks generated as the union of hidden variables models (networks with any desired degree sequence) with arbitrary graphs. The resulting networks are general small-worlds similar to thoseà la Watts and Strogatz but with a heterogeneous degree distribution. We prove that the critical behavior (thermal or percolative) remains completely unchanged by the presence of finite loops (or finite clustering). Then, we show that, in large but finite networks, correlations of two given spins may be strong, i.e., approximately power law like, at any temperature. Quite interestingly, if γ is the exponent for the power law distribution of the vertex degree, for γ ≤ 3 and with or without short-range couplings, such strong correlations persist even in the thermodynamic limit, contradicting the common opinion that in mean-field models correlations always disappear in this limit. Finally, we provide the optimal choice of rewiring under which percolation phenomena in the rewired network are best performed; a natural criterion to reach best communication features, at least in non congested regimes.
I. INTRODUCTION
In the last decade, it has been recognized that at the base of many complex systems, as diverse as those observed in nature, in technological, and in social sciences, there is an ubiquitous presence of networks having certain universal topological features upon which the functionality of the system largely depends on [1] . Essentially, there are two basic topological features in these complex networks: scale-free and small-world. The former refers to the fact that the distribution of the links among the nodes is strongly heterogeneous, in particular many networks have a power law distribution for the vertex degree, P(k) ∼ k −γ ; the latter refers to the fact that two randomly chosen nodes are at distance which, for γ > 3, scales with the system size N as slowly as log(N )/ log(b), b being the mean branching of the network while, for γ ≤ 3 (where b diverges), the average distance scales as log(log(N )) or even slower and the network is called ultra-small [2] . Network models have then been profusely studied over the years and many fundamental results are by now well established and widespread [3, 4] . The main assumption under these studies has been the tree-like hypothesis thanks to which the generating function technique and the Bethe-Peierls (BP) method [5] can be applied to get exact solutions for the percolative and thermal (at least in the ferromagnetic case) properties as well as the communication features of the system. However, the tree-like assumption is almost never satisfied in real-world networks. For example, networks of friends, networks of neurons, the WWW, and the Internet, are just a few examples in which the average clustering coefficient C [1, 4] is finite. More precisely, whereas networks having a hierarchical structure share a k degreedependent clustering coefficient of the form C(k) ∼ k −α , with α ∼ 1, so that the most connected (and most important) nodes are not clustered, there are other networks having C(k) ∼ O(1) for almost any k and for which clustering is important for all nodes. The former class includes e.g. some social networks, language networks, the WWW, and the Internet at the autonomous system level, whereas the latter class includes the Internet at the router level, the power grid, but also the brain. As discussed in [6] , the reason for this difference is related to the fact that in the second class wiring is expensive (economically or biologically) and the network, rather than hierarchically organized, is geographically organized. Finally, we recall that even in pure scale-free networks characterized by an exponent γ ≤ 3, the tree-like assumption is not true; such networks in fact contain many large cliques [7] .
In the last few years there have been important progresses for the modeling of networks with loops [8] [9] [10] [11] [12] , however, such progresses were essentially confined to the cases in which the random graph can be seen as a treelike hypergraph, or with a weak transitivity (i.e., with a small overlap between clusters). It is then of fundamental importance to understand, in general, what is the role of the loops in complex networks from the point of view of collective behavior. In the presence of loops how do the critical surface and the correlation functions change? Are the analytical results accumulated over ten years of research in complex networks robust with respect to the presence of loops? And if yes, to what extent? We point out that the crucial question concerns the loops of finite length. In fact, in classical random graphs (γ = ∞) and in complex networks (2 < γ < ∞) there are no finite loops (at least for γ > 3; for a detailed discussion of the case γ ≤ 3 see next Section) since the length of the loops scales as log(N ) and, as a consequence, one can say that the tree-like approximation in these models becomes exact for N → ∞. But in networks in which there are loops of finite length (for any N ), due to the fact that the correlation length in all these models remains finite, we are not allowed to neglect the short-loops neither near the critical point and, as a consequence, the (exact) solution to these issues is non trivial.
In this paper we address the above questions via the introduction of heterogeneous small-world networks, a natural generalization of the "classical" small-world networks [13] which were introduced as intermediate systems lying between loopy-like (e.g. finite-dimensional lattices) and tree-like networks. In the classical (γ = ∞) smallworld networks we have a homogeneous distribution of links among the sites, but also a finite clustering coefficient, so that tree-like based techniques as the BP cannot be used to solve, e.g., an Ising model defined on them. By using a completely different approach it is however possible to solve exactly the homogeneous small-world models at least in the paramagnetic phase (P) getting their exact critical surface and behavior [14] . If J 0 is the coupling associated to a given graph (L 0 , Γ 0 ), which in particular may have short-range links and short loops of any kind, and J is the coupling associated to a number N c/2 of additional uniformly spread long-range links (so that they alone would form a classical random graph [15] ), then, for any c > 0, the mean-field equation for these models is given by m = m 0 (βJ 0 ; ctm + βh), t def = tanh(βJ),
where m 0 (βJ 0 ; βh) is defined as the average magnetization of the model in the absence of the long-range connections, with a short-range coupling J 0 and in the presence of a generic external field h at temperature T = 1/β. Eq. (1) is a natural generalization of the celebrated CurieWeiss mean-field equation m = tanh(βJm + βh), which is valid for J 0 = 0 and c = N . It is easy to check that, however, for any J 0 ≥ 0, the critical behavior of Eq. (1) is classical, regardless of the local topology and clustering coefficient of the network (see also [16] ). In this paper we face the natural extension of Eq. (1) towards a large class of heterogeneous small-world networks generated by using hidden variables [17] [18] [19] [20] , which have the little inconvenient that the resulting network has some small degree-degree correlation [21] , but also the great advantage that the model is analytically solvable even in the presence of loops (at least within our effective field theory). After deriving the equation for the order parameter and the critical surface (thermal or bond-percolative), we analyze the connected correlation functions in general and we show that in these models, even for J 0 = 0, there are finite size corrections as strong as 1/N δ , with δ = (γ − 2)/(γ − 1) for γ > 3, and δ = 0 for γ ≤ 3, contradicting the common opinion that in mean field models the connected correlation functions always disappear in the thermodynamic limit. Then we prove that the critical behavior (thermal or bond-percolative) on these networks is never affected by the presence of a local non tree-like structure, provided that the connectivity associated to such loopy structures is non heterogeneous. This latter result has been already presented and discussed in a Letter [22] but limiting the proof to an infinitesimal coupling J 0 , while postponing to the present paper the general proof as well as the derivation of the mean-field equation. Nicely, meanwhile in [23] , we find that a similar robustness theorem has been proved for both static and growing networks embedded in a metric space when γ ≤ 3.
In tables I and II we summarize the state of the art reached about the analytical behavior of the Ising model built on classical and complex random graphs. We stress that we mention only the cases and the models where exact analytical calculations have been possible without any pretension to be exhaustive (in particular we do not mention here the hierarchical models (random or not), where some exact analytical results are also possible).
Finally, as an application, given the desired degree sequence and the graph (L 0 , Γ 0 ), we find that the equation for the critical surface leads to an optimization problem consisting in finding the rewiring of the additional links that provides the minimal percolating point; a criterion which amounts to finding the rewiring that provides the best communication performance at the minimal cost in the absence of congestion. This optimization problem in general is an NP-hard problem, however, we provide heuristic solutions whose effectiveness depends on how much the network is structured in communities (if any), and we show that the use of the formula for the critical surface is always exponentially (in N ) convenient with respect to a direct inspection of the network, even in the worst case scenario in which there is no community structure at all.
II. RANDOM ISING MODELS BUILT ON HETEROGENEOUS SMALL-WORLD NETWORKS

A. The model
The family of models we shall consider are built as follows. Let (L 0 , Γ 0 ) be any graph, L 0 and Γ 0 being the set of vertices i = 1, . . . , N and links (i, j), i < j, respectively. Let us consider the Ising model defined on the graph (L 0 , Γ 0 ) with a fixed coupling J 0 and in the presence of an arbitrary external field {h i }
We will call this the pure model. Let us now consider the model obtained by removing randomly some links of the graph (L 0 , Γ 0 ) and by adding new links as follows.
Let us indicate with c 0;i,j = 0, 1 the adjacency matrix of the new graph in which some links of Γ 0 have been removed. Given an ensemble C of random graphs c, c ∈ C, whose links are determined by the adjacency matrix elements c i,j = 0, 1, we define our heterogeneous small-Ising on the "Classical Random Graph" Ref. [15] (y. 1959)m χ Eq. for tc = tanh(βcJ)
Ising on the "Configuration Network" Refs. [24] (y. 2002)m χ Eq. for tc = tanh(βcJ)
Ising on the "Static Network" (Hidden Variables) Ref. [32] (y. 2005)m χ Eq. for tc = tanh(βcJ)
Ising on the "Classical SW Networks" Refs. [14, 16] (y. 2003,08)m χ Eq. for tc = tanh(βcJ) P (k) Poissonian + additional arbitrary links (Loops of any length)
Ising on the "Heterogeneous SW N." Ref. [22] (y. 2010) and Present Workm χ Eq. for tc = tanh(βcJ)
Ising on "Static and Growing Spatial Networks" Ref. [23] (y. 2011)m χ Eq. for tc = tanh(βcJ) Self Similarity 2 < γ < 3, k
Critical behavior of the unweighted magnetization m = i σi /N (τ ≡ 1 − T /Tc), the susceptibility χ, and the equation for the critical temperature of the Ising model built on several Network Models: the Classical Random Graph; the Configuration Model (i.e., the maximally random graph under the constraint that the degree distribution is a given one, P (k) ∼ k −γ ); the Static Model (a Hidden Variables Model with weights pi ∝ i −µ , where µ ∈ [0, 1) is such that P (k) ∼ k −γ ); the Classical Small World Network built by overlapping the Classical Random Graph with additional links associated to an arbitrary graph (L0, Γ0); the Heterogeneous Small World Networks ( [22] (J0 infinitesimal) and present work (J0 arbitrary)) built by overlapping Hidden Variables Models with additional links associated to an arbitrary graph (L0, Γ0); the Spatial Network Model for γ < 3 (where self-similarity applies). The data in parenthesis stands for the year of publication. We use the notation c = k P .
world model, through the following Hamiltonian
The variables c i,j specify whether a "long-range" link between the sites i and j is present (c i,j = 1) or absent (c i,j = 0), whereas the variables c 0;i,j specify whether a link (i, j) ∈ Γ 0 has been removed (c 0;i,j = 0) or not (c 0;i,j = 1). The J i,j 's are the random couplings of the given link (i, j) and similarly for the J 0;i,j 's for the links of Γ 0 . All the above random variables are assumed to be independent. For the J 0;i,j 's and the J i,j 's we will not assume any particular distribution, while for the c 0;i,j 's and the c i,j 's we assume respectively the following prob-
where p ∈ [0, 1], and the {p i } are a set of hidden variables [17] [18] [19] [20] [43] each proportional to the average degrees {k i } of the graph c of the nodes i = 1, . . . , N (i.e., the degrees in the absence of the graph (L 0 , Γ 0 )). Usually the hidden variables depend on one (or more) continuous parameters µ ∈ I, and on N . Given the mean degree c > 0 (so that in average there are in total cN/2 bonds) of the graph c, we will assume that for a continuous subset J ⊂ I, asymptotically in N we can write
Ising on the "Configuration Network" Ref. [25] 
Ising on the "Classical SW Networks" Refs. [14] TABLE II: Connected Correlation functionsχ l (connected correlation of two randomly chosen spins at given distance l) and χij (average connected correlation of two given spins i and j, see Sec. IIC) of the Ising model built on: the Configuration Model; the Classical Small World Network built by overlapping the Classical Random Graph with additional links associated to an arbitrary graph (L0, Γ0) (χ0;i,j stands for the connected correlation function associated to (L0, Γ0)); the Heterogeneous Small World Networks (present work) built by overlapping Hidden Variables Models with (L0, Γ0). In the Heterogeneous Small World Networks the formula forχij is valid when the underlying network (L0, Γ0) has dimension d0 ≤ 1. For the general case the dependence on i and j is more complicated (see Eq. (75)), but the dependence on N is the same. For what concerns the configuration network model, for γ ≤ 3, in Ref. [25] it is speculated thatχ l ∼ 0 for l not too small, while for l ∼ O(1) one hasχ l ∼ t l ; a result which is not in contradiction with our achievement (see Sec. IIC). However, in Ref. [25] χ l was obtained directly by using the tree-like assumption which, for γ ≤ 3, is wrong even in the configuration model (in fact the formulas of Ref. [25] giveχ l = 0 for any l ≥ 2, which is clearly not exact). See Ref. [7] and discussion [44] . Apart from technical details, the main point we stress is that in previous works was not possible to see that: i) finite size effects are always strong in scale-free networks; ii) for γ > 3 they decay as slowly as O(1/N (γ−3)/(γ−1) ); iii) finite size effects persist even in the thermodynamic limit when γ ≤ 3 and, as a consequence, correlations of two given spins can be strong (power law like) when γ ≤ 3. 
For the validity of the results we present in the next Section we require the number of links (i, j) for which Eq. (6) is not true, to be less than O(N α ), as long as α < 1. We will prove in fact that, in the thermodynamic limit, the free energy of the model (see below) is not affected by the presence of the O(N α ) links for which Eq. (6) is not true if α < 1. As a probability, Eq. (6) for f (p i , p j ) will be manifestly violated in I \ J whenever cN p i p j > 1. Note that, if p i = 0 for any given N (a requirement which is true for any graph in which there are not isolated nodes), for N → ∞ the terms cN p i p j tend either to 0 or to ∞, therefore, the number of links (i, j) for which Eq. (6) is not true for N large approaches
where θ(x) = 0 or 1 if x < 0 or x ≥ 0, respectively. In Appendix A we show that, if in the ensemble C the probability p(k) to have a vertex with degree k scales, for k large, as a power law p(k) ∼ k −γ , then:
so that the requirement N N = O(N α ) with α < 1 is equivalent to have γ > 2, and, for N large but finite, the error we make per spin in neglecting these O(N α ) contributions is O(N 1−γ log(N )) for γ > 2 [44] . As an example of a scale-free model we can consider the choice
where µ ∈ [0, 1). Equations (10)- (11) define the static model introduced in [17] . Note that the so called fermionic constraint that avoids to have multiple bonds, is automatically satisfied by Eq. (5). As has been shown, this constraint leads to some weak dis-assortative degreedegree correlations for µ > 1/2 [21] . In the thermodynamic limit N → ∞, for µ ∈ (0, 1), Eqs. (10)- (11) lead to a number of long range connections per site distributed according to a power law with mean c and exponent γ given by
so that γ ∈ (2, ∞). For µ ∈ (0, 1/2) (γ > 3) Eq. (10) takes the simpler form (6) while for µ ∈ [1/2, 1) (2 < γ ≤ 3) Eq. (10) can be written as Eq. (6) only when i and j are sufficiently distant, ij ≫ N 2−1/µ , while for lower distances, ij ≪ N 2−1/µ , we have p ij (c ij = 1) ≃ 1. The free energy F and the averages O l , with l = 1, 2, are defined in the usual (quenched) way as (β = 1/T ) (13) and
where Z c0,c,J0,J is the partition function of the quenched system
O c0,c,J0,J the Boltzmann-average of the quenched system ( O depends on the given realization of J, J 0 , {c 0 } and c: O = O c0,c;J0,J ; for shortness we later will omit to write these dependencies)
and dP (J 0 , J) and P (c 0 , c) are product measures given in terms of arbitrary measures (all normalized to 1) for the short-and long-range couplings dµ 0 (J 0;i,j ) ≥ 0, dµ(J i,j ) ≥ 0, and in terms of the introduced link probabilities (Eqs. (4) and (5)) p 0 (c i,j ) ≥ 0, and p ij (c i,j ) ≥ 0:
B. A note on small-world networksà la Watts and Strogatz
The class of our small-world scale-free models given by Eqs. (2)- (7) is very general. Note in particular that the graph (L 0 , Γ 0 ) is completely arbitrary and can contain closed paths of any length. We stress that the resulting network, union of the graph (L 0 , Γ 0 ) in which each link is removed with a probability p, with the scale-free random graph c, can be seen as a scale-free gran canonical generalization of the original small-world graph of Watts and Strogatz [13] , though we here do not perform a true rewiring. Since we let the probability p ∈ [0, 1] and the mean c ∈ (0, ∞) arbitrary, our way to build small-world networks is more general even for the non scale-free case µ = 0 (γ = ∞). However, we can always restrict our class of small-world networks to the ones having a total average connectivity which does not change with p by choosing c such that the total number of links of the graph c is equal to the total number of removed links of (L 0 , Γ 0 ). Up to corrections O(1/ √ N ) we can accomplish this for any sample by simply taking c = c 0 p, where c 0 is the average connectivity of (L 0 , Γ 0 ). We anticipate however that the critical behavior of these models is not affected by any particular choice of p and c, the only condition being c > 0. In fact, as we will see soon in Sec. III, the sole role of the parameter p is to give a renormalized effective coupling J 0 (p) to be used as though we had the original graph (L 0 , Γ 0 ) with no removed links. Since the class of universality does not depend on J 0 as soon as c > 0 it follows that the critical behavior of this class of generalized small-world models is the same for any p ∈ [0, 1] as soon as c > 0 [45].
C. Correlations of two given spins and correlations of two spins at given chemical distance
The quantities of major interest are the averages, and the quadratic averages, of the correlation functions which for shortness will be indicated by C (1) and C (2) . For example, the following are non connected correlation functions of order k:
where k ≥ 1 and the indices i 1 , . . . , i k are supposed all different. For shortness we will keep using the symbols C (1) and C (2) also for the connected correlation function since they obey to the same rules of transformations. We point out that the set of indices i 1 , . . . , i k is fixed along the process of the two averages, with respect to the couplings (17) and to the graph realizations (18) . This implies in particular that, given the spin with index i and the spin with index j, once the averages have been performed, their chemical distance remains undefined, while the only meaningful distance between i and j, is the distance defined over L 0 , which we will indicate as ||i − j|| 0 . Interestingly, for the cases in which (L 0 , Γ 0 ) is a regular lattice, ||i − j|| 0 is an Euclidean distance. Therefore, throughout this paper, it must be kept in mind that, for example,
(1) (l) of two points at a fixed chemical distance l, i.e., the minimum number of links to join two points among both the links of Γ 0 and the links of the random graph realization c. In fact, if, e.g. for the homogeneous case p i ≡ 1/N with J 0 = 0, one considers all the possible realizations of the Poisson graph, and then all the possible distances l between two given points i and j, one has
where here P N (l) is the probability that, in the system with N spins, the shortest path between the vertices i and j has length l. If we now use
[25] (in the P region holds the exact equality) and the fact that the average of l with respect to P N (l) is of the order log(N ), we see that the two point connected correlation function (21) goes to 0 in the thermodynamic limit. Similarly, in the Poissonian graph, all the connected correlation functions defined in this way are zero in the thermodynamic limit. However, as we will see in Sec. IIID, this independence of the variables holds only if J 0 = 0 and γ > 3. Furthermore, even for γ > 3 finite size effects may result in strong correlations in the finite network.
III. AN EFFECTIVE FIELD THEORY
A. The self-consistent equation
Depending on the temperature T, and on the parameters µ and those of the probability distributions, dµ(·) and dµ 0 (·), the small-world model may stably stay either in the paramagnetic (P), in the ferromagnetic (F), or in the spin-glass (SG) phase. In our approach for the F and SG phases there are two natural order parameters that will be indicated by m (F) and m (SG) . Similarly, for any correlation function, quadratic or not, there are two natural quantities indicated by C (F) and C (SG) , and that in turn will be calculated in terms of m (F) and m (SG) , respectively. To avoid confusion, it should be kept in mind that in our approach, for any observable O, there arein principle -always two solutions that we label as F and SG, but, as we shall discuss soon, for any temperature, only one of the two solutions is stable and useful in the thermodynamic limit.
In the following, we will use the label 0 to specify that we are referring to the pure model with Hamiltonian (2) . Note that all the equations presented in this paper have meaning and usefulness also for sufficiently large but finite size N . For shortness we shall often omit to write the dependence on N .
Let m 0i (βJ 0 , {βh j }) be the stable magnetization of the spin i in the pure model (2) with coupling J 0 and in the presence of a generic external field {h j } at inverse temperature β. In Appendix B we prove that the order parameter m (F) or m (SG) of the model defined in Eqs. (3)- (7), with the condition α < 1 (equivalent to γ > 2) satisfies the following self-consistent equation
where the effective fields t (F) , t (SG) , and couplings J , are given by
tanh(βJ (25) and tanh(βJ
Note that |J
. For later use we introduce also the short notations
and
The meaning of the order parameters m (Σ) is quite natural being given by
where l Σ = 1, 2 for Σ =F or SG, respectively. The free energy density f (Σ) coming from Eq. (13) involves a generalized Landau free energy density L (Σ) from which it differs only for trivial terms independent from m (Σ) . The complete expression for
, with l (Σ) = 1, 2 for Σ =F, SG, respectively), and is given by
f 0 (βJ 0 , {βh i }) being the free energy density of the pure model (2) . For given β, among all the possible solutions of Eqs. (22), in the thermodynamic limit, for both Σ=F and Σ=SG, the true solutionm (Σ) , or leading solution, is the one that minimizes L (Σ) . Finally, let k be the order of a given correlation function C (1) or C (2) . The averages and the quadratic averages over the disorder, C
(1) and C (2) are (see Appendix B for details):
where for sufficiently large N
where in turn C 0 (βJ 0 , {βh i }) is the correlation function of the pure model (2), and finally δ ≥ 1 only for k = 1, while in general 0 ≤ δ < 1 for k > 1 and δ = 0 if γ < 3 (see Sec. III D). From Eqs. (34) and (35) for k = 1, we note that the Edward-Anderson order parameter [26] 
2 only in the SG phase, whereas in the F phase we have
is not equal to √ q EA ; in our approach m (SG) represents a sort of spin glass order parameter [27] . In general, our method is able to establish exactly the phase boundary P-F and P-SG, but not the frontiers F-SG when both the order parameters give a non zero solution. Furthermore, while Eq. (29) for Σ =F can be derived, for Σ =SG it remains only a plausible ansatz (see discussion at the end of the Sec. VII A of the Ref. [14] ). Note however that, at least for lattices L 0 having only loops of even length, the stable P region is always that corresponding to a P-F phase diagram, so that in the P region the correlation functions must be calculated only through Eqs. (31) and (34) .
As an immediate consequence of Eq. (22) we get the susceptibilityχ (Σ) of the model (throughout the paper we will use only the dimensionless definition of the susceptibility)
whereχ 0;i,j stands for the two-points connected correlation function of the pure model
Note that, as it is evident in all the above equations, even when the pure model in the presence of a uniform external field is translational invariant, for any non zero value of the order parameter m (Σ) , the disordered model is no longer translational invariant. Note in particular thatχ (Σ) refers to the weighted order parameter (29) so that it does not coincide with the usual unweighted sum of the connected correlation functions. In fact, from Eq. (22) it follows that
B. Critical surface (thermal and percolative)
Note that, for β sufficiently small (see later), Eq. (22) has always the solution m (Σ) = 0 and, furthermore, if
is a solution as well. From now on, if not explicitly said, we will refer only to the positive (possibly zero) solution, the negative one being understood. A solution m (Σ) of Eq. (22) is stable (but in general not unique) if
From Eq. (22) or from Eq. (40) we see that, in the thermodynamic limit, the critical surface crossing which the system passes from a P region to a non P region satisfies
Eq. (41) gives the critical surface of the model in the plane (β, c) as a function of p and the other parameters of the model (dµ 0 , dµ, {p i }).
Critical Temperature
For a given value of c Eq. (41) provides the critical temperature. From Eq. (22) it is immediate to recognize that for J 0 = 0
while β
c0 is the critical temperature of the pure model with coupling J c , and that corresponds to the choice that maximizes the functional F β ({p i }), where
We will come back to this interesting issue in Sec. V.
Percolation threshold; clustering versus percolation threshold
The theory can be projected toward the limit β → ∞ where for Σ =F we get an effective percolation theory. Here the region P corresponds to the region in which, in the thermodynamic limit, the parameters (c, c 0 , p) are such that no giant connected component exists (m (F ) = 0). Note in particular that, if c 0c is the percolation threshold of the initial graph (L 0 , Γ 0 ) (if c 0c does not exist we can set formally c 0c = ∞) in order to remain in the region P, the connectivity c 
where we have used the fact that lim β→∞ tanh(βJ (43) can be rewritten in terms of only graph elements as
where N (p) 0;i,j = 1 if, in the graph (L 0 , Γ 0 ) from which each link has been removed at random with probability p, between the vertex i and the vertex j there exists at least a path of links, and N (p) 0;i,j = 0 otherwise. Given p, if the condition c 0 (1 − p) ≤ c 0c is not satisfied, then a giant connected component is present and we can set c c = 0. It is interesting to see in more details the case in which we choose c = c 0 p so that, as we vary p, the total connectivity is fixed and equal to c 0 (the "rewired" small-world). This study is important since it leads us to understand how the presence of short loops affects diffusion processes on general networks. In particular, a strong interest regards the question: "In the presence of short loops how does the percolation threshold change"?. If we set c = c 0 p, from Eq. (44) we get the percolation threshold c 0c as a function of the rewiring parameter p
From Eq. (45) we see that p has two effects on c decreases with p due to the general mechanism according to which clustering diminishes the percolation threshold.
A special case is the one in which p i ≡ 1/N ; i.e., the classical small-world (no heterogeneity). In this case Eq. (43) simplifies as
is the Erdös-Rényi random graph [15] (in the canonical representation), with mean connectivity c 0 , from (valid in the P region)
to be inserted in Eq. (46), we get back obviously the well known percolation threshold c (p) 0c = 1, independently of the value of p. Depending on the problem, given c 0 < c 0c , in general one can be more interested in reading Eq. (43) either as an equation for p or for c. We can consider for example the case in which (L 0 , Γ 0 ) is an ensemble of arbitrary disconnected finite clusters (dimers, triangles, . . . , or mixtures of them), for which there is no percolation threshold (or formally c c0 = ∞). For example, for a set of N/2 disconnected dimers (c 0 = 1), N/3 disconnected triples (c 0 = 1×2/3+2×1/3), N/3 disconnected triangles (c 0 = 2), N/4 disconnected squares (c 0 = 2), and N/5 disconnected pentagons (c 0 = 2), we have respectively:
χ 0 (βJ 0 ; 0) = 1 3 9e 2βJ0 + 2 + 2e
−2βJ0 e 2βJ0 + 2 + e −2βJ0 (triples), (49)
e 3βJ0 + 3e −βJ0 (triangles),
χ 0 (βJ 0 ; 0) = 5e 5βJ0 + 11e βJ0 e 5βJ0 + 15e βJ0 (pentagons).
If we consider the case with no heterogeneity p i ≡ 1/N , from Eqs. (48)- (52) plugged in Eq. (43) for p = 0, we get respectively the following percolation thresholds c c :
and, in general, for polygons of m ≥ 3 sides (c 0 = 2)
Notice that the clustering coefficient for dimers and triples is zero, and for closed polygons of m sides decreases with m. Of course one recovers that c c = 1/m → 0 for m → ∞ since an ensemble of N/m disconnected polygons of length m for m = N → ∞ becomes equivalent to a closed chain for which we already know that c c = 0. Eqs. (48-52) can be used in general also for p > 0. So, for example, from Eq. (46) and (50), by using the replacement βJ 0 → tanh −1 (1 − p), we get the equation for the percolation threshold p c of an ensemble of disconnected triangles (c 0 = 2) from which each link has been removed with probability p (c (p) 0 = 2p) and "rewired" as a "long-range" link: 2p 3e
3 tanh
In 
, the sum in the lhs of Eq. (45) will be greater for the graph having the smaller clustering coefficient, which in turn will result in a lower value for c (p) 0c . In fact, given a vertex i and its local connectivity c 0 (i), the smaller is the clustering coefficient around the vertex i, the larger will be the number of different vertices j connected to i (while when the clustering coefficient is large a same vertex j will be reached from the vertex i by many different paths), so that j N 0;i,j will be greater which in turn will give rise, via Eq. (45), to a smaller clustering coefficient. And similarly for N (p) 0;i,j for any given p. In conclusion, as already discussed in [28] [29] [30] , clustering increases the percolation threshold. Equation (58) for the polygons represents a clear example of this mechanism for the particular choice c 0 = 2, p = 0 and
We conclude this Section with a remark on the recent methods used by Newman [8] and Gleeson [12] by which families of clustered networks are introduced and analytically exactly solved by generating function techniques. Although these networks have a finite clustering coefficient, they can still be mapped to effective tree-like graphs. So, for example, for the ensemble of disconnected finite clusters as the ones we have analyzed in Eqs. (48)- (58), we could also use the method [8] to solve the percolation problem [46] , but not for example the case in which (L 0 , Γ 0 ) is a d 0 dimensional lattice. In fact, the main condition which allows the methods [8] or [12] to be applied is the absence of overlaps among the moduleelements (links, or triangles, or any kind of finite cluster) while, for example, in a two-dimensional lattice we have always overlap among the square "module-elements".
C. Critical behavior
In this section we prove that the critical behavior of an arbitrary heterogeneous graph as defined through Eq. (5), which in particular includes scale-free graphs, is robust with respect to the addition of any graph (L 0 , Γ 0 ), provided (L 0 , Γ 0 ) is not in turn a heterogeneous graph. In [14] we have shown this result for the homogeneous smallworld model corresponding to the case p i ≡ 1/N . More precisely the critical behavior for p i ≡ 1/N and p = 0 has been shown to be classical mean field for t (F) 0 ≥ 0, while for t (F) 0 < 0 first-order phase transitions are also possible (see also [31] ). Here we will restrict the analysis only to the case t (F) 0 ≥ 0. First of all from Eqs. (37) and (41) we observe immediately that the critical exponents for the susceptibility, above and below the critical temperature, are both equal to 1. Note in particular that above the critical temperature and zero external field the susceptibility can be written in the simpler form
Let us now turn to the analysis of the order parameter near the critical point. For J 0 = 0, i.e., for the pure static model, we have
so that the self-consistent equation (22) strongly simplifies in
where
The critical behavior of pure static model, i.e. with J 0 = 0, for the scale-free choice (10)- (11), has been studied in the Ref. [32] . Let us focus on the P-F transition. For Σ =F, Eq. (62) is equal to Eq. (21) of [32] . We recall that, due to the power-law character of the distribution {p j }, we cannot derive the correct critical behavior by simply expanding in the sum in g(m (F) ) term by term for small m (F) . As shown in [32] , it is necessary to keep track of all the terms of the sum present in g(m (F) ). This is done by evaluating the sum with the corresponding integral which gives rise to a singular term proportional to (m (F) ) γ−2 plus regular terms proportional to (m (F) ), (m (F) ) 3 and so on. As a consequence, when we solve the self-consistent equation to leading order in m (F) , if T and τ indicate the temperature and the reduced temperature, respectively, we get the well known anomalous mean-field behavior: 0 ; {βh j }) for a generic non homogeneous external field {h j } represents a formidable task. Note that, as above mentioned, to analyze the critical behavior we cannot expand for small fields {βh j }. We can however perform an expansion to the lowest order in t
. It is then easy to see that, for {h j } = 0, at the order O(t
where N 0 (i) is the set of the first neighbors of the vertex i in the graph (L 0 , Γ 0 ). It must be said that without the condition {h j } = 0 Eq. (64) might be wrong since the lowest non zero terms in t
would involve closed paths of at least length 3, while Eq. (64) contains only paths of length 1. More precisely, near the critical point, due to the fact that the fields {h j } are infinitesimal but not zero, we can neglect higher order corrections in t 
where we have introduced
. (67) both to be compared with the J 0 independent term g(m (F) ). Let us analyze the bigger contribution ∆ 1 (m (F) ) and let us focus on the simpler cases in which the graph (L 0 , Γ 0 ) has a fixed connectivity |N 0 (i)| ≡ c 0 , where |N 0 (i)| stands for the cardinality of the set N 0 (i). Let us suppose first that c 0 = 1 (i.e., (L 0 , Γ 0 ) is an ensemble of dimers). In general, given any normalized distribution p i ≥ 0, different from the homogeneous one, and any function f (x) ≥ 0 increasing with x, the following property holds
where j 0 (i) stands for the first single neighbor of i in (L 0 , Γ 0 ), while
only for p i ≡ 1/N . Note that by definition i → j 0 (i) is a bijection on L 0 and that j 0 (i) = i. We can however formally enlarge the definition of j 0 (i) = i to include also the case j 0 (i) = i (a self-link). The inequality (68) tells us that when we choose j 0 (i) = i we get an optimal overlap between the distribution {p i } and the function f (·). For the general case |N 0 (i)| ≡ c 0 ≥ 1, given a vertex i, we can enumerate the c 0 neighbors of i as j 
> 0 we see that for m (F) > 0 we have always
) and, furthermore, as already mentioned -near the critical point -higher order corrections in t
where o(g(m (F) ) stands for corrections smaller than g(m (F) ). In general, for t 0 finite, it is possible to prove that
whereχ 0 (βJ (22) remains always that corresponding to the term g(m), i.e. as if it were J 0 = 0. We can finally consider the case in which (L 0 , Γ 0 ) is a Poissonian graph (Erdös-Rényi random graph in the canonical representation) with mean connectivity c 0 . To this aim we can start from the fully connected graph and remove from it randomly each of its N (N − 1)/2 links with a probability p = 1 − c 0 /N ; the resulting graph will be our Poissonian graph with mean connectivity c 0 . Since we have already proved that when (L 0 , Γ 0 ) is the fully connected graph with a couplings O(1/N ) the critical behavior remains equal to that of the model with J 0 = 0 (the effective couplings in this case being given by tan(βJ (F) 0 ) = tanh(βJ 0 )c 0 /N ), we conclude that also for a Poissonian graph the critical behavior of the small-world model remains the same as it were J 0 = 0.
For the P-SG transition of the model with J 0 = 0 we can evaluate the weighted Edward-Anderson order parameter as q EA = (m (SG) ) 2 . Since the critical behavior of m (SG) is identical to that of m (F) we get that the critical exponent for q EA is is simply given by twice the γ dependent critical exponent for m (F) that we have discussed before. This result is in contrast with the one of the Ref. [32] for the region 4 < γ < 5. The source of such a contrast might be related to the already mentioned fact that Eq. (29) for Σ =SG remains only a plausible ansatz. We do not discuss here further this issue, but we stress that, whatever be the critical P-SG behavior of the model with J 0 = 0, by applying the same procedure as above done for the case P-F, we arrive at the conclusion that also the critical P-SG behavior is infinitely robust with respect to the addition of any non heterogeneous graph (L 0 , Γ 0 ). Same conclusions hold of course also for the critical exponent of the order parameter of the percolation problem.
D. Correlation functions
Another remarkable consequence of our theory comes from Eq. (36) . We see in fact that, in the thermodynamic limit, any correlation function of the model, at least for γ > 3, fits with the correlation function of the pure model but immersed in an effective field that is exactly zero in the P region and zero external field ({h = 0}). In other words, in terms of correlation functions, in the P region, the small-world model and the pure model are indistinguishable (modulo the transformation J 0 → J (SG) 0 for Σ =SG). Note however that this assertion holds only for a given correlation function calculated in the thermodynamic limit. In fact, the corrective O(1/N δ ) term appearing in the rhs of Eq. (36) cannot be neglected when we sum the correlation functions over all the sites i ∈ L 0 , as to calculate the susceptibility; yet it is just this corrective O(1/N δ ) term that gives rise to the singularities of the model. More precisely, for the two point connected correlation function defined as
where lΣ = 1, 2 for Σ = F, SG, respectively, we havẽ
where the dependence on N inχ (Σ) i,j andχ 0;i,j are understood. In the homogeneous case p i ≡ 1/N Eq. (75) becomes
which, when (L 0 , Γ 0 ) is in turn homogeneous, reduces to [14] χ (Σ) i,j =χ 0;i,j (βJ
Eq. (75) is easily obtained by derivation of the meanfield equation (22) generalized to the case of an arbitrary external field {h i } (see Appendix E). Eq. (75) clarifies the structure of the correlation functions in general smallworld models. In the rhs we have two terms: the former is a distance-dependent (the distance, if any, defined in the graph (L 0 , Γ 0 )) short-range term whose finite correlation length, for T = T (Σ) c0 , makes it summable (over all the nodes (i, j)), the latter is instead a term which takes into account the heterogeneity of the system -possibly power law like -also in the P phase, which turns out to be summable thanks to a global 1/N δ factor, where δ is the exponent appearing in Eq. (36) . For the two point connected correlation function, at least for the case in which (L 0 , Γ 0 ) is a regular lattice, as will be clear in the next Section, δ takes the value:
Once we perform the weighted sums with the distribution {p i }, both the terms in the rhs of Eq. (75) give a finite contribution to the susceptibility. It is in fact immediate to verify that by inserting Eq. (75) in Eq. (39) we get back Eq. (37) . We see here a novel fact: in scale free models in finite but large systems, correlations between two given spins can be power law like even above the critical surface. Furthermore, we see from Eq. (78) that such phenomena become persistent even in the thermodynamic limit when γ ≤ 3. At this point, it is worth to compare these scenario, with the scenarios one has in other systems. By focusing only on the second term of the rhs of Eq. (75) we find the following. In finite d-dimensional models, according to the Ornstein-Zernike form [33] , at any T but the critical one T c , one has exponentially small correlations, while at T c the correlation function decays as a power law with the distance with an exponent d − 2 + η, where η is the critical exponent of the correlation length. Roughly speaking, this implies that in finite dimensional models there are essentially two possible correlations for near (i.e. at a distance O(1) at T = T c ) and far (i.e. at a distance O(N ) at T = T c ) spins, with values O (1) and O(1/N d−2+η ), respectively, and the total number of such couples of spins are O(N ) and O(N 2 ), respectively. In the fully connected model with a coupling O(1/N ), or in classical random graphs, or in homogeneous smallworld models, at any T the correlation function decays instead as 1/N for any couple of the N (N − 1)/2 spins, with no spatial dependence (the correlation length goes to infinity). As will be clear in the next Section, in heterogeneous small-world networks with a power law degree distribution k −γ , at any T we can instead distinguish three families of correlations: given two spins that are both far from an hub, they have correlations O(1/N ), and the total number of such couples of spins is of the order O(aN 2 ) with a < 1; given two spins, one of which is an hub and the other not, they have correlations O(1/N (γ−2)/(γ−1) ), and the number of such couples of spins is O(bN ), where b is a decreasing function of 1/γ; finally, given two spins which are both an hub, they have correlations O(1/N (γ−3)/(γ−1) ), and the number of such couples of spins is O(1).
IV. EXAMPLES
In Sec. III B 2 we have seen some simple applications to the homogeneous case (p i ≡ 1/N ). Here we discuss some examples where we can apply, analytically, the general results of the previous Section to the heterogeneous case. Since we have already solved the issued for the critical behavior we will focus only on the critical surface and on the correlation functions.
A. Viana Bray on the scale-free graph
In this case J 0 = 0 so that there is no additional graph, for historical reasons we refer this as the Viana Bray model [34] on the scale-free graph. This model was solved in [32] , and for the network version called "configuration model" (which is a network realization slightly different from the hidden variables network) the Ising model was already extensively studied in [24] almost one decade ago.
Since J 0 = 0 for m 0 we can use Eq. (61) from which in particular it follows that for β < β c0 we haveχ 0;i,j = δ i,j . By inserting this in Eq. (41) we get the critical surface t
which, for large N under the choice (10)- (11) gives
The critical surface given by Eq. (79) coincides with the one found in [32] . Note that N i p 2 i is related to the second and first moments of the degree distribution P (k), k P = c and k 
As anticipated before, we find instead a complete novel result for the correlation functionχ
i,j of two given spins i and j. Let us consider only the case Σ =F in the P region and let us consider the choice (10)-(11). From Eq. (80) we see that, when N grows, t (F) c and t (F) in the P region remain finite for 2µ < 1, while they go to 0 for 2µ > 1 (logarithmically for 2µ = 1), therefore, in the latter case, for finite N , we can evaluate the correlation function at a temperature scaling with the critical one. In conclusion, from Eq. (80) and Eq. (75) applied with χ 0;i,j | {h l =0} = δ i,j , in the finite network, for 2µ < 1 and at any temperature above the critical one we havẽ
whereas for 2µ > 1 at any temperature scaling with the critical one and in the P region (β < β c ) we havẽ
where we have made use of the fact that, up to negligible terms for N large,
c . By using p i ≃ k i / j k j , k i being the average degree of the vertex i, we can express approximately Eqs. (82) and (83) in terms of the vertex degree as
for 2µ < 1, and
for 2µ > 1. However, by using only Eqs. (75) and (79), we can get the correlation function in a form which is completely independent of the form for the p i 's
Comparison of Eq. (86) with Eqs. (82) and (83) shows that the strongest correlations involve the nodes i's with the highest degree with:
B. "Gas" of dimers in a scale-free network
Here we consider the case in which (L 0 , Γ 0 ) is a set of N disconnected dimers (so that there are 2N sites). This case represents the simplest example with J 0 = 0 in which m 0i (βJ (Σ) 0 ; {βh j }) can be exactly calculated. We have
where t
0 ) and j 0 (i) stands for the first neighbor of i. By derivation we get the correlation function of the pure modelχ 0;i,j which, in the P region, takes the formχ (10)- (11), for the former case we get
whereas for the latter the critical surface remains not affected by t
as in Eq. (80). When k does not grow with N , for the correlation function for the Σ =F case in the P region for 2µ < 1 we havẽ
whereas for 2µ > 1 at a temperature scaling with the critical one we havẽ
Similar expressions hold for the correlation in the case in which k = O(N ), the only difference being the absence of the pref-actor 1/(1 + t (F) 0 ). More in general, independently of the form for the p i 's we, in terms of the average degrees we havẽ
C. A one dimensional chain through the scale-free network
Here we consider the case in which (L 0 , Γ 0 ) is a a one dimensional chain with periodic boundary conditions and such that the first site of the chain corresponds to the site i = 1 of the static network, the second site of the chain corresponds to the site i = 2 of the static network, and so on. As we have learned in Sec. III C, this or any other choice will not alter the critical behavior of the whole system that remains the same as in the absence of the chain. In the P region the correlation function of the pure model is given bỹ χ 0;i,j (βJ
from which by using Eq. (41) we get the critical surface
Let us consider the choice (10) (1 + 2t
In general Eq. (96) is exact only in the region 2µ ≥ 1 so that t 
whereas for 2µ > 1 at a temperature scaling with the critical one we have (with a better approximation)
where we have approximated i + 1 ≃ i − 1 ≃ i. The analytical evaluation of the lhs of Eq. (95) for t (Σ) 0 finite remains a difficult task and we have to resort to a numerical evaluation at a sufficiently large value of N such that finite size effects become negligible. As we have just learned, finite size effects can have a very slow relaxation rate in scale free graphs; in evaluating the correlation functions, when µ < 1/2 (γ > 3) they decay as slowly as 1/N 1−2µ , while they persist even in the thermodynamic limit when µ > 1/2 (γ ≤ 3). As we have seen above, however, we can easily handle the latter case since t (Σ) 0 is always small. We see then that the most difficult numerical task in the evaluation of the lhs of Eq. (95), as well as in general formulas involving sums of correlation functions, occurs in the case of a distribution with µ → 1/2 (2) we plot simulations for the susceptibility χ and for the Binder Cumulant U [35] , respectively, as a function of the temperature T for several system sizes N and compare the location of the maximums with the theoretical T c evaluated at a very large value of N where we observe stationarity within the statistical errors. Finally in Fig. (3) , for growing but finite sizes N , we plot the position of the "finite size T c (N )", defined as the position of the maximum of the susceptibility χ with respect to the temperature. We evaluate such quantities for both simulations and theoretical data of the same system as a function of N 1/2 . Note that the latter evaluation coincides simply with the solution coming from Eq.(95). From Fig. (3) we find confirmation of two facts: i) Eq.(95) (as well as all the effective field theory in general) has a clear meaning also at finite sizes; ii) since for a mean-field universality class it is expected to be at criticalityχ c (N ) ∼ N 1/2 [36] , as also confirmed in [31] , and since, on the other hand, from Eq. (60) for finite N we haveχ c (N )
, in accordance with Fig. (3) .
V. APPLICATION TO NETWORK DESIGN
As we have seen in Sec. IIIB2, if (L 0 , Γ 0 ) is a homogeneous graph, i.e., its adjacency matrix c 0;i,j has some periodicity, clustering increases the percolation threshold. A different question arises instead if between the {p i } and the {c 0;i,j } there is some correlation. Given the desired degree sequence and then the weights {p i }, we see that, if (L 0 , Γ 0 ) is not translational invariant, we can optimize the percolation by labeling the sites in such a way that the functional F ∞ ({p i }) is maximized, where (5) in which (L0, Γ0) is a one dimensional chain and the random network is generated via the choice (10)- (11) (as before here p is the probability by which each link of the pure graph (L 0 , Γ 0 ) is removed)
Alternatively, Eq. (99) can be rewritten in terms of the graph elements of (L 0 , Γ 0 ) as
where N (p) 0;i,j = 1 if, in the graph (L 0 , Γ 0 ) from which each link has been removed at random with probability   FIG. 3 : Plots of the "finite size critical temperature" Tc(N ) as a function of the system size N for theoretical (dots) and for simulation data (crosses) of the same system of Fig. (2) . We stress that, though the accordance between the theoretical and the simulation data is poor for relatively small values of N , as explained at the end of Sec. IVC, the two trends for large N must fit with a N 1/2 behavior and approach the same value in the limit N → ∞. The figure confirm our analysis. p, between the vertex i and the vertex j there exists at least one path of links, and N (p) 0;i,j = 0 otherwise. Once the {p i } that optimizes F ∞ ({p i }) has been found through a suitable labeling, the corresponding network will have in general a percolation threshold c c given by the equation F ∞ ({p i }) = 1 that is a minima with respect to all the possible N ! labelings. From Eq. (99) we see that a simple approximate heuristic receipt to approach this optimum consists in choosing a labeling of the weights {p i }, i 1 , i 2 , . . . , i N , such that
whereχ 0;i (tanh −1 (1 − p); 0) stands for the total correlation of the graph (L 0 , Γ 0 ) at zero temperature at the point i:χ
or alternativelyχ
i.e.,χ 0;i can be seen as the average total number of nodes connected to i (including the node i itself) in the graph (L 0 , Γ 0 ) from which each link has been removed at random with probability p. Our optimal design problem can be precisely formulated as follows. Given a graph (L 0 , Γ 0 ), in which each link is removed with probability p, and given a desired additional degree sequence {k i } (proportional to the weights {p i }) having an average connectivity c, we have to place the L = cN/2 additional "long-range" links on (L 0 , Γ 0 ) in such a way that the resulting graph has a maximal percolating cluster. Within our effective field theory this task amounts to say that F ∞ ({p i }) is maximized. As we have explained in [37] , however, a network, at least in the absence of congestion [38] , benefits from optimal communication features at the percolation point. Adding further links after this point makes the network less sensitive to signals. On the other hand if, for a given value of c, we have found an optimal labeling which maximizes F ∞ ({p i }), from Eq. (99) we see that changing only c will leave still the choice of the labeling as an extremal choice for F ∞ ({p i }). Therefore, we can speak of label optimization for F ∞ ({p i }) regardless of the value of c. In particular, after finding the optimal labeling, we will be free to choose for c a value such that F ∞ ({p i }) = 1, so that we will be in the percolation threshold. Among all the possible other labelings the network will have a minimal percolation threshold. This implies that for the found optimal labeling the graph will benefit of optimal communication features but with minimal cost (if the cost is given by c). Our design strategy is therefore in the same philosophy of [39] where the optimality was defined with respect to synchronization. Although in general these two different criteria of design may give rise to different networks, we argue that, in the absence of congestion, some general properties about efficient communication are shared [47] .
A particularly interesting case is the one in which the graph (L 0 , Γ 0 ) is splitted into disjoint subsets, that we could then call isolated communities. In [37] we had considered the problem of percolation for a generic set of n communities, isolated or not, in which the additional "long-range" links were defined through an additional n × n matrix c of intra-(inside the community) and inter-(among the communities) connectivities. In that problem the unknown quantity to be found was the critical matrix c at which percolation sets in, and it was easy to find that the critical c must satisfy the equation
χ 0 being the matrix of the relative intra-and intersusceptibilities among the communities. In particular Eq. (104) for the case in which (L 0 , Γ 0 ) is simply a disjoint set of nodes becomes
which constitutes a clean generalization of the well known percolation threshold c = 1 of the case n = 1 corresponding to the Erdös-Rényi random graph [15] . However, Eq. (104) is a single equation in the n × n unknown matrix elements of c, c (l,m) , therefore there are infinite solutions for n > 1. Given the matrixχ 0 , now, the analogous optimization problem that we have defined before amounts to look for the matrix c that gives the maximum value of the largest eigenvalue of the matrixχ 0 · c under the constraint that the total cost is fixed: l,m c (l,m) /n = c [40] .
In general, in this kind of problem one can find several solutions that represent local maximum, but the asymmetric ones, if any, are those which guarantee better communication performance [37] . This fact is reminiscent of the so called "star-like" configuration, which is known to provide the best communication/searchability performance in the absence of congestion [38] . In the problem considered in [37] , however, the additional "long-range" links were uniformly distributed among the communities, though with the use of n × n different average connectivities c (l,m) . Here we face instead the problem in which we have one single additional connectivity c, but the "long-range" links follow a generic desired degree sequence {p i }, which in particular can be scale free. We observe that, in the case in which the graph (L 0 , Γ 0 ) is splitted into n disjoint communities, (L 
from which we get the following total correlator (Eq. (102) with the choice p = 0) which depends only on the community index l:
Taking into account that the n communities of (L 0 , Γ 0 ) do not interact (there is no inter-link) by plugging Eq. (106) in Eq. (99) we have
which, in turn, can be rewritten in terms of theχ
From Eq. (110) we see that the heuristic solution (101) provides manifestly the global maximum for F ∞ ({p i }) only when all the communities have the same size α (l) = 1/n, otherwise the exact global maximum will be provided by the labelings of the p i 's such that
Of course, due to the homogeneity of the communities, we have at least as many equivalent global maximum as
are not all different the number of equivalent global maximum is greater).
In the above example we had three important simplifications: (i) the communities were not interacting; (ii) each community was homogeneous; (iii) we were able to calculate analytically the termsχ 0;i,i . In the most general case none of the above conditions is satisfied. In particular, when condition (iii) is not satisfied, to calculate the total correlatorχ (l) 0 of the l-th community, defined as
we have to resort to a Monte Carlo strategy, either by an Ising model at low temperature (simulated annealing) (in view of Eq. (99)) or by a direct graph analysis (in view of Eq. (100)). However, if conditions (i) and (ii) are satisfied, Eq. (110) is still exact and the global maximum will be given by Eq. (111) with the total correlator defined by Eq. (112). It is interesting to note that if, as usually happens, the communities are hierarchically organized in nested communities at deeper and deeper levels, and conditions (i) and (ii) still satisfied at each level of the hierarchy, we can iterate the above procedure through a natural generalization of Eqs. (110)- (112) at each level of the hierarchy. For example, if the communities are organized into two levels, i.e., (L 0 , Γ 0 ) is splitted in n 1 communities l 1 = 1, . . . , n 1 , each one in turn splitted in n l1 communities as (113) it is then easy to see that Eq. (110) generalizes to
which has a global maximum in correspondence of the following labeling, natural generalization of Eq. (111):
where now the total correlatorsχ (l1,l2) 0
and the coefficients α (l1,l2) are defined as
with
|. Whatever be the graph (L 0 , Γ 0 ), the task to compute via a Monte Carlo method the total correlators usually requires a computational cost which grows only polynomially in the system size N . A serious problem comes however when conditions (i) or (ii) are not satisfied. In this case in fact the heuristic solution (111) (or its generalization to the hierarchical case) in general will not provide the global maximum for F ∞ ({p i }). As an intermediate situation it may happen that condition (i) is not exactly satisfied, but the interaction among different communities is weak so that the heuristic solution (111) (or its generalizations), via the evaluation and comparison of the total correlators, is still a good starting point for the numerical search of the exact global maximum of F ∞ ({p i }), especially when also condition (ii) is almost satisfied. However, when the communities are well connected each other, or there is no community structure at all, F ∞ ({p i }) in general presents an exponential number of local maximum, and in fact the computational complexity of the search for the global maximum of F ∞ ({p i }) becomes equivalent to the Traveling Salesman Problem, which is an NP-hard problem [41] . In this case, in the graph (L 0 , Γ 0 ) there is an high degree of frustration and the heuristic ansatz (101) might be very far, not only from the exact global solution, but in general also from the local solutions. We conclude however stressing that, despite this worst case scenario for the most general optimization problem, in which one is forced to check for almost all the possible N ! labelings of the p i 's, the optimization of F ∞ ({p i }) remains still exponentially advantageous with respect to a direct inspection (in which c is supposed to be given) of all the possible graphs that one can build up by adding L = cN/2 long-range links over the graph (L 0 , Γ 0 ). In fact, given c, if we evaluate the number of ways N c to lie L = cN/2 long-range links among N nodes, for c finite and N large we get
VI. CONCLUSIONS
In this paper we have considered in detail, and in a more general framework, the heterogeneous small-world model which was briefly presented in the Letter [22] , providing now all the complete proofs and new applications. By using an effective field theory we prove in particular that the critical behavior is never affected by the presence of short loops (see Table I ). We then apply the general result to the study of percolation, correlation functions and network design.
By studying the percolation we have shown, by considering several analytically solvable examples, the role played by short loops in modifying the percolation threshold in networks. In particular, we have seen how the presence of short loops increases the percolation point [see Eq. (58)].
By studying the correlation functions, we have found that for a scale-free network, with or without short loops, finite size effects can be very strong [see Table II and Eqs. (36) and (78)]. Moreover, when γ, the exponent of the degree distribution, is as small as γ ≤ 3, the finite size effects become persistent even in the thermodynamic limit, with the strongest correlations being those among hubs. We stress that this is true even in the paramagnetic region and with or without short-range couplings, contradicting then the common opinion that correlations in purely mean-field models always disappear in the thermodynamic limit [48] .
Finally, we have seen that the formula for the percolation threshold suggests a natural way to optimize the communication features among communities even if they interact. We propose and discuss the efficiency of a heuristic solution [see Eqs. (101)-(103)] at several levels: isolated and homogeneous communities, weakly interacting communities, and ill defined communities. The worst case scenario in which there is no evident community structure, is an NP-hard problem equivalent to the Traveling Salesman Problem, nevertheless, the use of the formula is still exponentially convenient with respect to a direct inspection of the network. We think that, at least in the absence of load-congestion, our algorithm can find important real-world applications.
By using, as in [21] , the approximationk i / jk j ∼ p i , wherek i is the average degree of the vertex i, from Eq. (8) we have
which can be rewritten as
where p(k i ) is the probability that vertex i has degree k i , and P k > N c ki |k i is the conditional probability that, given that the vertex i has degree k i , a randomly chosen vertex different from i has degree greater than N c/k i . Due to the weak degree-degree correlation of the network, from P k > 
where k M (N ) is the maximum allowed degree in the network. Of course it always k M (N ) ≤ N . By using now the hypothesis that for k large p(k) ∼ k −γ , we arrive at
where we have used k M (N ) ≤ N .
Appendix B: Derivation of the self-consistent equation
In this Appendix we derive Eqs. (22) (23) (24) (25) (26) . Sometimes to indicate a link we will use the symbol (i, j), or more shortly ij. Let us rewrite explicitly the adimensional Hamiltonian (3) as follows
In [42] we have introduced the following mapping. Given a lattice L with N = |L| spins, and a generic quenched Hamiltonian HJ
where the couplings {J ij } are distributed according to a given distribution {dμ ij }, let us consider the two following related non random Ising Hamiltonians with labels Σ =F and Σ =SG
where the effective couplings βJ
are given by tanh(βJ
with l Σ = 1, 2 for Σ =F or Σ =SG, respectively. In [42] we have shown that, if the effective couplings βJ
are at least O(1/N ) on the fully connected graph (also called complete graph) (L, Γ f ) then, in the paramagnetic (P) region, the pure model with the effective Hamiltonian H (Σ) , with Σ =F or SG, gives rise to the same non trivial part of the free energy (see Appendix C) and the same correlation functions of the original Hamiltonian HJ , the stable phase between F and SG being determined by the minimum of the corresponding associated free energies f (F) or f (SG) . This in particular gives us the exact critical surfaces paramagneticferro (P-F) and paramagnetic spin-glass (P-SG) and, by a simple analytic continuation, approximations also out of the P region which allow us to get the critical behavior. The above condition on the effective couplings can be expressed as an infinite dimensionality of the model. Let us apply the mapping to our small-world scale-free case. The quenched Hamiltonian (B1) can be rewritten in the form (B2) wherẽ
By applying Eq. (B4) to our case with the independent measures p 0 (c 0;i,j ) and p ij (c i,j ) defined by Eqs. (4) and (5) and with dµ 0ij = dµ 0 and dµ ij = dµ being two arbitrary independent measures, we arrive at the following effective couplings tanh(βJ
In particular, for large N , in the region J where the factorization (6) f (p i , p j ) = cN p i p j takes place, from Eqs. (B6) we get
where t and t (Σ) are defined as in Eqs. (23)- (26) . We have to evaluate the following partition function
By using Eq. (B7) we rewrite Z (Σ) as
where O(N α log(N )) stands for the contributions coming from the links (i, j) for which the factorization in the second line of Eq. (B7) is not true and we have used Eq. (A4). For N large but finite, the corrective term O(N α log(N )) can be always neglected, the error per spin being of order O(N 1−γ log(N )). In the following we will suppose that t (Σ) is positive. The derivation for t (Σ) negative differs from the other derivation just for a rotation of π/2 in the complex mplane, and leads to the same result one can obtain by analytically continue the equations derived for t (Σ) > 0 to the region t (Σ) < 0. By using the Gaussian transfor-mation we can rewrite Z (Σ) as
where c N is a normalization constant
and, in the exponent of Eq. (B9), we have again neglected terms of order O(1). For finite N we can exchange the integral and the sum over the σ's. By using the definition of the pure model with Hamiltonian H 0 , Eq. (2), whose free energy density, for a given coupling βJ 0 and for an arbitrary (inhomogeneous) external field {βh i }, is indicated by f 0 (βJ 0 , {βh i }), we arrive at
where we have introduced the function
If the integral in Eq. (B10) converges for any N , by performing saddle point integration we see that the saddle point m (Σ) is solution of the equation
so that, if the stability condition
is satisfied, in the thermodynamic limit we arrive at the following expression for the free energy density f (Σ) of the related Ising model
Similarly, in the thermodynamic limit [49] , any correlation function C (Σ) of the related Ising model is given in terms of the correlation function C 0 of the pure model by the following relation
The saddle point solution m (F) represents the weighted magnetization (29) of the related Ising model, as can be checked directly by deriving Eq. (B15) with respect to βh and by using Eq. (B14). For Σ =SG Eq. (29) remains an ansatz.
If the saddle point equation (B14) has more stable solutions, the "true" free energy and the "true" observable of the related Ising model will be given by Eqs. (B15) and (B16), respectively, calculated at the saddle point solution which minimizes Eq. (B15) itself and that we will indicate with m (Σ) . Let us call β where m (Σ) = 0. By expanding for small m (Σ) = 0 we see from the saddle point equation (B14) that, for h = 0, a necessary condition for m (Σ) = 0 to be a solution is that be β ≤ β (Σ) c0 for any β in P (Σ) . In a few lines we will see however that the inequality must be strict if β (Σ) c0 is finite, which in particular excludes the case J 0 < 0 (for which the inequality to be proved is trivial). Let us suppose for the moment that be β see also that, if we make the very plausible assumption that the number of vertices i for which p i ≥ 1/N grows with N as aN (see Eq. (11)), with a asymptotically constant for N large, due to the fact that the pure model has a divergent susceptibility at β (22), and by choosing Σ according to which is minimum between L (F) (m (F) ) and L (SG) (m (SG) ), comparing Eq. (C1) with Eq. (C2) we get the total free energy βf . It is clear however (as already anticipated) that the only part of the free energy which depends on the order parameter and that is therefore responsible for the critical behavior of the system and the correlation functions is ϕ. The rest of the free energy is important only to calculate the total specific heat. 
where i b and j b are the two sites linked by the link b. It is not difficult to recognize that Z can be rewritten as a sum over paths as follows
where: T is the set of all possible multi-paths on Γ, including then all the possible combinations of closed and open paths; ∂γ stands for the subset of vertices which belong to the border of the multipath γ (if it has at least one open path component); and we have introduced the short notations t b = tanh(βJ b ) and t i = tanh(βh i ). Note that the cardinality |∂γ| is always an even number. We want now to calculate the average magnetization σ i . By derivating Eq. (D2) with respect to βh i we get
where T (i) stands for the subset of T having at least one open path component which passes through the vertex i. As done in Sec. IIID, we cannot expand the terms t i for small h i , but we can neglect (t i ) 2 terms. In other words, we expand σ i at the least non zero order -not in the {h j }, and nor in the {t b } -but in the {t j }. Within this approximation Eq. (D3) becomes Eqs. (B10)-(B14) are already in a form able to take into account the presence of an arbitrary inhomogeneous external field, {h j }; in these equations we have simply to substitute everywhere in their arguments {h} with {h j }. Then, by deriving L (Σ) (m) with respect to βh i and by using, as in Appendix B, ∂ βhi N βf 0 (βJ 0 , {βh j }) = −m 0i (βJ 0 , {βh j }), and ∂ βhj ; m 0 (βJ 0 , {βh l }) =χ 0;i,j (βJ 0 , {βh l }), and the selfconsistent equation for the order parameter m (Σ) , we get immediately 
we reach immediately Eq. (75).
